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Abstract Very recently, a conceptually clean and economical anomaly cancellation method,
based on the initial work of Robinson and Wilczek, on Hawking radiation was proposed. On
the basis of this formalism, we investigate Hawking radiation from the higher dimensional
Schwarzschild de Sitter and Anti-de Sitter black holes. To describe the observable physics
in de Sitter space, we construct the effective field theory between the event horizon and cos-
mological horizon. Our result shows that when the underlying diffeomorphism symmetries
are saved at the quantum level, Hawking radiation, from not only the event horizon but also
the cosmological horizon in the higher dimensional space time, can be determined by the
covariant compensating fluxes of energy momentum tensor. Meanwhile, we also discuss the
exact radiation spectrum by incorporating the self-gravitational interaction and back reaction
of the outgoing modes.

Keywords Hawking radiation · Covariant anomaly · Cosmological horizon · Event horizon

1 Introduction

Since Bernhard Riemann suggested the universe maybe has more than three spaces firstly,
the spatial dimensions have been discussed extensively [1, 2]. String theory predicts there
could be up to n = 7 additional dimensions, compactified at distances of the order of
10−32 m. These large extra dimensions are believed may solve the hierarchy problem of the
standard model [3]. In addition, since the introduction of extra dimensions would affect both
gravitational interactions and particle physics phenomenology, it will also inevitably change
our notion for the universe and even leads to modifications of the standard cosmology [4–7].
Preceding in importance, by lowering the Planck scale closer to the Electro-Weak scale in
the higher dimensions, the idea of detection on Hawking radiation as an exciting possibility
of finding new physics by making mini black holes in the Large Hadron Collider (LHC)
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next year [8] becomes more realistic. Thus investigation on higher dimensional space time
is of great importance and necessary. In this paper, we study Hawking radiation from the
higher dimensional Schwarzschild de Sitter and Anti-de Sitter black hole via the anomaly
cancellation method. This approach, to some extent is motivated by the trance anomaly [9],
is proposed recently by Robinson and Wilczek [10]. And the core of this is that scalar field
on arbitrary space time can be reduced to that on (t, r) section of the original background.
Then in the two dimensional reduction, due to the ingoing modes classically don’t affect
the outside physics, they hence integrate out these offending modes to construct the effec-
tive field theory outside the event horizon (EH). At the quantum level, the effective field
becomes chiral and suffers from gravitational anomaly with respect to the general coordi-
nate symmetry. The underlying theory of course should be covariant at the EH, thus they
introduced a flux to cancel this nonexistent anomaly at the quantum level and eventually
found this compensating flux equal to that of Hawking radiation exactly. Till now, based on
their observations, investigations on higher dimensional space time [11–13], de-Sitter and
anti-de-Sitter space time [14, 15] have been treated of. However, less attention paid on the
higher dimensional black hole in de-Sitter and anti-de-Sitter space-time. Recent observa-
tions, together with the theory of inflation, suggest our universe is accelerating expansion
[16, 17]; one of the possible explanations is the existence of a positive cosmological con-
stant [18–21]. Thus it is of great significant and necessary to investigate the basic properties,
such as Hawking radiation, thermodynamics, dS/CFT correspondence etc., of black holes in
de Sitter space. Moreover, Anti-de Sitter black holes play an important role in the AdS/CFT
conjecture [22, 23] and are interested in the context of brane world scenarios [24]. In light
to above considerations, to further discover the quantum gravitational mysteries, as an inter-
mediate, we study Hawking radiation from the higher dimensional Schwarzschild de Sitter
and Anti-de Sitter black hole from the viewpoint of anomaly. It should be noted that in the
de Sitter space, future infinity is space-like, to describe the observable physics, we construct
the effective field between the EH and cosmological horizon (CH). Then, while we deal
with the quantum anomaly at the EH, we ignore that at CH. In the same way, when the
quantum anomaly at the CH is discussed, the quantum contribution of the ingoing modes at
the EH are taken into account. It should pointed that in this paper, we don’t adopt the initial
approach of Robinson and Wilczek, which need both the consistent anomaly and covariant
anomaly to determine the compensating flux, but only employ the covariant anomaly can-
cellation conditions. That is, one can determine the Hawking radiation flux only by adopting
the covariant anomaly. Our result is precisely the same as that obtained by the others.

The remainder of this paper is organized as follows. In Sect. 2, we will introduce the
higher dimensional Schwarzschild de Sitter black hole and study its quantum anomaly at
the EH and CH. Then in Sect. 3, we turn to studying the quantum anomaly at the EH of
the higher dimensional Schwarzschild Anti-de Sitter black hole. Section 4 is devoted to
our concluding remarks, particularly, we discussion the exact emission spectrum by the
consideration of energy conservation in the dynamical background space time.

2 Quantum Anomaly and Hawking Radiation of the Higher Dimensional
Schwarzschild de Sitter Black Hole

The line element of the (n + 2)-dimensional Schwarzschild de Sitter black hole with a pos-
itive cosmological constant � = n(n + 1)/2l2 takes the form as [25]

ds2 = −f dt2
d + f −1dr2 + r2d�2

n, (1)



Int J Theor Phys (2008) 47: 2533–2542 2535

where

f =
(

1 − ωnM

rn−1
− r2

l2

)
, ωn = 16πGn+2

nVn

, (2)

Vn represent the volume of d�2
n, which is a n-dimensional spherical hyper-surface, Gn+2 is

the Newton’s constant, M is the conserved mass of the black hole and l denote the curvature
radius of the de-Sitter space. Obviously for M = 0, line element (1) reduces to the pure
de-Sitter space time. The quantum anomaly of the pure 4-dimensional de-Sitter space-time
at the CH rc = √

3/
√

� has been discussed detailed in reference [14]. According to the
null hyper-surface equation, f (M, r) = 0 will yield the CH, denoted by rc and the EH,
represented by r+ respectively. The corresponding surface gravity at the EH and CH can be
written as

κ+ = 1

2
∂rf

∣∣∣
r=r+

= (n − 1)ωnM

2rn+
− r+

l2
, (3)

κc = −1

2
∂rf

∣∣∣
r=rc

= −
[

(n − 1)ωnM

2rn
c

− rc

l2

]
. (4)

Now, we focus on studying the quantum anomaly at horizon. As showed above, there are two
observable horizons in the higher dimensional Schwarzschild de Sitter space time, namely
the EH and CH. We first take into account the quantum effect of the outgoing modes at the
CH to study the quantum anomaly at the EH. To do it, one should construct an effective field
that requires reducing the higher dimensional space time to its (t, r) section of the original
background. Considering matter fields, for the sake of simplicity only for scalar field, in the
higher dimensional Schwarzschild de Sitter black hole. The action of scalar field ϕ is

S[ϕ] = 1

2

∫
dn+2x

√−gϕ∇2ϕ

= 1

2

∫
dn+2xrn√γ ϕ

[
− 1

f
∂2

t + 1

rn
∂rr

nf ∂r + 1

r2

�

]
ϕ, (5)

where γ and 
� respectively stands for the determinant of d�2
n and the collection of an-

gular derivatives. Based on the Legendre polynomial Pn, we expand the scalar field as
ϕ = ∑

n φω(t, r)Pn and perform the tortoise coordinate transformation defined by dr∗/dr =
f (r)−1, after taking the near-horizon limit and ignoring the subordinate terms, we find

S[ϕ] =
∑

n

∫
�dtdrϕω

[
− 1

f (r)
∂2

t + ∂rf (r)∂r

]
ϕω. (6)

When the static dilaton background � = rn
H /2 is omitted [10], it straightforward shows the

action of each partial wave modes on the higher dimensional Schwarzschild de Sitter black
hole can be described effectively by an infinite collection of free, massless (1 + 1)-dimen-
sional scalar field on the metric

ds2 = −f dt2
d + f −1dr2. (7)

In the 2-dimensional space time, since the EH is a null hyper-surface, when the classically
irrelevant ingoing modes are excluded to construct an effective field outside the EH, due to
the pileup of outgoing high frequency modes, the effective field becomes chiral and exhibits
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gravitational anomaly which fails to conserve the energy-momentum tensor. For the right
handed field, the minimal form of the (1+1)-dimensional consistent anomaly reads [26, 27]

∇μT μ
ν = Aν = 1√−g

∂μNμ
ν , (8)

where

Nμ
ν = 1

96π
εβμ∂α�

α
νβ, (9)

εμν is the anti-symmetric tensor (ε10 = ε01 = −1) and �α
νβ is the Christoffel connection on

the (1 + 1)-dimensional space time. The covariant anomaly, on the other hand, also takes
the form as [26, 27]

∇μT̃ μ
ν = −1

96π
√−g

gναε
βα∂βR = 1√−g

∂μÑμ
ν . (10)

For the 2-dimensional space-time, one gets

Ñ r
t = [2ff ′′ − (f ′)2]/192π. (11)

To determine the compensating flux, if we follow the initial approaches as in reference
[10], one should express the variation of outgoing modes’ action by the consistent anomaly,
and then impose the covariant energy-momentum tensor to vanish at the EH. That is, one
should employ two different anomalies to determine the compensating flux. Very recently,
it was suggested [28] the same work can be done only by adopting the covariant anomaly.
This approach is believed conceptually clean and economical. So thereafter we employ the
simplified approach of canceling the covariant anomaly to investigate the quantum anomaly
at horizon.

In the interest of simplicity, besides split the region outside the EH into [r+, r+ + ε] and
[r+ + ε,∞], we introduce the scalar step function �+ = �(r − r+ − ε) and scalar top hat
function H = 1 − �+ to write the covariant energy-momentum tensor there as the sum of
two regions, namely T̃ μ

ν = T̃ u
ν(0)�+(r) + T̃

μ

ν(H)H(r). When the classically insignificant in-
going modes are omitted, the covariant energy-momentum tensor is conserved in the region
[r+ + ε,∞], which relates

∇μT̃
μ

ν(0) = 0. (12)

While in [r+, r+ +ε], due to the pileup of outgoing high frequency modes, the effective field
becomes chiral and the diffeomorphism invariance is violated. Thus the covariant energy-
momentum tensor is lo longer conserved but suffers from gravitational anomaly, which sat-
isfies the covariant anomalous equation

∇μT̃
μ

ν(H) = 1√−g
∂μÑμ

ν . (13)

Solving (12) and (13) for the ν = t component, we find

T̃ r
(0)t = e0, (14)

T̃ r
(H)t = eH + Ñ r

t (r) − Ñ r
t (r+), (15)
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where e0 and eH are two integration constants, which respectively stand for the covariant
flux of energy-momentum tensor at infinity and the EH. Then (10) can be expressed as

∇μT̃
μ
t = ∂r T̃

r
t = ∂r [Ñ r

t H(r)] + (T̃ r
(0)t − T̃ r

(H)t + Ñ r
t )δ(r − r+ − ε). (16)

In which, the first term has to be canceled by the quantum effects of the classically irrelevant
ingoing modes. That is to say, there existence a Wess-Zumino term that would modify the
covariant energy-momentum tensor T̃ μ as an anomaly-free one T̃ ′r

t = T̃ r
t − Ñ r

t H(r). There-
fore to save the general covariance, the coefficient of the delta function should satisfies

e0 = eH − Ñ r
t (r+). (17)

When the integration constant eH = 0 is determined by imposing the regularity condition
that requires the covariant energy-momentum tensor to vanish at the EH, the total covariant
compensating flux of energy-momentum tensor can be written as

e0 = −Ñ r
t (r+) = πT 2+

12
, (18)

where

T+ = κ+
2π

= f ′(r)|r+
4π

= 1

4π

[
(n − 1)ωnM

rn+
− 2r+

l2

]
, (19)

is the Hawking temperature at the EH of the higher dimensional Schwarzschild de Sitter
black hole. Next we will show the blackbody radiation with this temperature is equivalent
to the compensating flux of energy-momentum tensor precisely.

Hereinbefore, we taken into account the quantum effect of the outgoing modes at the
CH to discuss the quantum anomaly at the EH and found the compensating flux of energy-
momentum tensor can cancel the gravitational anomaly at the EH to hold the general covari-
ance at the quantum level. Next, we will ignore the quantum anomaly at the EH to discuss
Hawking radiation from the CH via the covariant anomaly cancellation method. Note that in
de-Sitter space, future infinity is space-like, which means any physics are only taken place
inside the CH. Thus, the effective field is constructed inside the CH when the classically
irrelevant outgoing modes are integrated out. Quantum mechanically however, the contri-
bution of outgoing modes at the CH cannot be neglected. Thus the effective field theory
becomes chiral and suffers from gravitational anomaly with respect to the general coordi-
nate symmetry.

In terms of the scalar step function �− = �(rc − r −ε) and top hat function C = 1−�−,
we write the covariant flux of energy-momentum tensor inside the CH as T̃ μ

ν = T̃ u
ν(0)�−(r)+

T̃
μ

ν(c)C(r), where T̃ u
ν(0) and T̃

μ

ν(c) are the covariant fluxes in the region rc − ε ≤ r ≤ rc and
r ≤ rc − ε. When the offending modes are ignored, they respectively satisfies

∇μT̃
μ

ν(0) = 0, (20)

∇μT̃
μ

ν(c) = −1√−g
∂μÑμ

ν . (21)

Solving them for the ν = t component in each region, we obtain

T̃ r
(0)t = c0, (22)

T̃ r
(c)t = cc + Nr

t (rc) − Ñ r
t (r). (23)
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Here cc and c0 are integration constants and c0 represent the covariant flux of energy-
momentum tensor at infinity. Correspondingly, the Ward identity inside the CH is

∇μT̃
μ
t = ∂r T̃

r
t = −∂r [Ñ r

t C(r)] + (T̃ r
t (c) − T̃ r

t (0) + Ñ r
t )δ(r − rc + ε). (24)

While the first term is canceled by the quantum effects of the classically irrelevant outgoing
modes, which contribute to the total energy-momentum tensor Ñ r

t C(r), the underlying gen-
eral covariant conditions at the CH will impose the coefficient of the delta function follow

c0 = cc + Ñ r
t (rc), (25)

where, we have employed (22) and (23). To further get the observable covariant flux of
energy-momentum tensor, we should determine cc firstly. Considering the covariant bound-
ary condition at the CH, from (23), we get cc = 0. Thus the total compensating flux of
energy-momentum tensor at the CH is

c0 = Ñ r
t (rc) = −πT 2

c

12
. (26)

In which, the Hawking temperature from the CH of the higher dimensional Schwarzschild
de Sitter black hole have been expressed as

Tc = κc

2π
= −f ′(r)|rc

4π
= − 1

4π

[
(n − 1)ωnM

rn
c

− 2rc

l2

]
. (27)

For the negative sign, it means to hold the underlying general coordinate invariance at the
quantum level; the effective field should absorb the Hawking radiation flux from the CH.
Now we explore the relation between the compensating flux and Hawking radiation flux.
At the EH, the Planckian distributions of fermions with appropriate chemical potential is
N+(ω) = [exp(ω/T+) + 1]−1. While at the CH, due to the motion of ingoing modes are
along the negative r direction, the Planckian distributions of fermions thus takes the form as
Nc(ω) = −[exp(ω/Tc) + 1]−1. Then we find

Fh =
∫ ∞

0

ω

π
N+(ω)dω = πT 2+

12
, (28)

Fc =
∫ ∞

0

ω

π
Nc(ω)dω = −πT 2

c

12
. (29)

Comparing the Hawking radiation fluxes in (28) and (29) with the compensating fluxes in
(18) and (26), which can save the general covariance by canceling the gravitational anomaly
at the EH and the CH respectively, we find they are equivalence precisely. That is, when the
underlying general covariance are restored at the quantum level, Hawking radiation from the
EH and CH of the higher dimensional Schwarzschild de Sitter black hole can be determined
by the compensating fluxes. Our result is exactly the same as that calculated by cancelling
the consistent one.
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3 Quantum Anomaly and Hawking Radiation of the Higher Dimensional
Schwarzschild Anti-de Sitter Black Hole

The line element of the (d + 1)-dimensional Schwarzschild Anti-de Sitter black hole in the
asymptotic coordinate takes the form as [29]

ds2 = −Fdt2
A + F−1dr2 + r2d�2

d−1, (30)

where

F = 1 − Mμ

rd−2
+ r2. (31)

Note that here we have set the Anti-de Sitter radius l = 1. The parameter μ relates to the
ADM mass as

μ = 16πGd+1

(d − 1)Ad−1
. (32)

In which, Ad−1 = 2πd/2/�(d/2) denote the volume of a unit (d − 1)-sphere and Gd+1

represent the Newton’s constant in the (d + 1)-dimensional space. In addition, the explicit
form of the horizon can be yielded from F(r+) = 0, the surface gravity at the EH thus is

κ = 1

2
∂rF

∣∣∣
r=r+

= 1

2

[
(d − 2)Mμ

rd−1
+

+ 2r+
]
. (33)

Adopting similar dimensional reduction technique as above, the higher dimensional
Schwarzschild Anti-de Sitter black hole can be effectively reduced as

ds2 = −Fdt2
A + F−1dr2. (34)

In the reduced space time, since the EH is a null hyper-surface, any observable physics only
take place at the outside of the EH, hence we ignore the classically insignificant ingoing
modes to formulate the effective field outside the EH. At the quantum level however, the
contribution of ingoing modes can’t be omitted. Thus under the diffeomorphism transfor-
mation, the general coordinate symmetry is breakdown which results in the emergence of
gravitational anomaly. The underlying theory of course is covariant, thus one should intro-
duce a flux to cancel the anomaly quantum mechanically. As before, we split the region
outside the EH into [r+, r+ + ε] and [r+ + ε,∞]. In the near-horizon region [r+, r+ + ε],
when the classically insignificant ingoing modes are omitted, due to the divergent energies
of outgoing modes near-horizon modes, the covariant energy-momentum tensor suffers from
gravitational anomaly which brings on

∇μT̃
μ

ν(H) = 1√−g
∂μÑμ

ν . (35)

While in [r+ + ε,∞], its partner follows

∇μT̃
μ

ν(0) = 0, (36)

In terms of the scalar step function and scalar top hat function, the covariant energy-
momentum tensor outside the EH can be expressed as

T̃ μ
ν = T̃ u

ν(0)�+(r) + T̃
μ

ν(H)H(r). (37)
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Here the ν = t component of T̃ u
ν(0) and T̃

μ

ν(H) can be solves as

T̃ r
(0)t = a0, (38)

T̃ r
(H)t = aH + Ñ r

t (r) − Ñ r
t (r+). (39)

So the Ward identity outside the EH is

∇μT̃
μ
t = ∂r T̃

r
t = ∂r [Ñ r

t H(r)] + (T̃ r
(0)t − T̃ r

(H)t + Ñ r
t )δ(r − r+ − ε). (40)

Considering the Wess-Zumino term, one can write the covariant energy-momentum tensor
as the anomaly-free one T̃ ′r

t = T̃ r
t − Ñ r

t H(r), that is, the first term will be canceled by the
quantum effects of the classically irrelevant ingoing modes. Therefore, while the underlying
general covariance is restored, the properties of the delta function would impose

a0 = aH − Ñ r
t (r+), (41)

where we have employed (38) and (39). To ensure the regularity condition at the CH, the
covariant flux will vanish there, which leads to aH = 0. The total covariant flux of energy-
momentum tensor, which can cancel the gravitational anomaly at the EH to save the general
coordinate covariance at the quantum level, thus is

a0 = −Ñ r
t (r+) = πT 2+

12
, (42)

where

T+ = κ+
2π

= f ′(r)|r+
4π

= 1

4π

[
(d − 2)Mμ

rd−1
+

+ 2r+
]

(43)

is the Hawking temperature of the higher dimensional Schwarzschild Anti-de Sitter black
hole. For the fermions, the Planckian distributions with this temperature take the form as
N(ω) = [exp(ω/T+) + 1]−1, and we find

Fa =
∫ ∞

0

ω

π
N(ω)dω = πT 2+

12
. (44)

That is, when the underlying general coordinate invariance are saved at the quantum level,
Hawking radiation from the EH of the higher dimensional Schwarzschild Anti-de Sitter
black hole can be determined by the compensating flux.

4 Concluding Remarks

We have derived Hawking radiation from the higher dimensional Schwarzschild de Sit-
ter and Anti-de Sitter black holes. Both of them share a common that the horizons are null
hyper-surfaces, when the classically irrelevant ingoing modes at the EH and outgoing modes
at the CH are integrated out to construct the effective field theory, anomaly, the conflict be-
tween the conservation law and the quantization procedure, emerged. To cancel the nonexist
anomaly at the quantum level, we introduced a covariant flux. And eventually we found the
Hawking radiation fluxes, not only from the de Sitter space but also from the Anti-de Sitter
space, equal to the introduced fluxes exactly. Our result agrees with the initial viewpoint
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of Robinson and Wilczek that Hawking radiation can be determined by the compensating
fluxes at the horizon.

But notably, the obtained Hawking radiation spectrums there are only the pure thermal
one. In fact, Parikh and Wiclzek [30–32] several years ago have proved that the actual emis-
sion spectrum isn’t pure via an intuitively simple but physically rich semi-classical approach.
They meanwhile pointed out the correction is the response of the self-gravitational inter-
action and back reaction of the radiation. Therefore to get the actual radiation spectrum,
we should take the energy conservation into account. We now take the higher dimensional
Schwarzschild Anti-de Sitter black hole as an example. When the particle with a shell of en-
ergy ω runs out, the radius of the horizon shall shrink and become as the function of M −ω.
In this case, the imaginary part of the radiation’s action takes the form as

Im I = 2πrd−2
f ω

(d − 2)(M − ω)μ + 2rd−1
f

, (45)

where rf satisfies

1 − Mμ

r
d−2

f

+ r2
f = 0. (46)

Due to the restriction of the quantum uncertainty principle, the black hole mass can’t jump
in such a discontinuous manner from M to M −ω after a particle runs out. Thus we integrate
over ω in the region 0 → ω. That is

Im I ′ =
∫ ω

0

2πrd−2
f dω

(d − 2)(M − ω)μ + 2rd−1
f

. (47)

Finishing the integration, we obtain

Im I ′ = 2π

μ(d − 1)
[rd−1

+ (M) − rd−1
f (M − ω)]. (48)

Employing the semi-classical WKB approximation, the emission rate hence can be ex-
pressed explicitly as

� ∼ exp(−2Im I ) = exp

{
Ad−1

4πGd+1
[rd−1

f (M − ω) − rd−1
+ (M)]

}
= exp(
SBH), (49)

where 
SBH = S(rf ) − S(r+) is the change of Bekenstein–Hawking entropy of the black
hole that after and before the radiation. This result is consistent with the initial viewpoint of
Parikh and Wilczek that the tunneling rate is related to the change of Bekenstein–Hawking
entropy.

Thus, as the self-gravitational interaction and back reaction of the radiation is considered,
the thermal spectrum of the outgoing modes deviate from the pure thermal one. By the
similar way of course, we also can find the correction spectrum of the higher dimensional
Schwarzschild de Sitter black hole.
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